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Stop .

= SA t S B t Sc - SAB - SBC - Sep

= whole system .

t SABC .

where Sx denotes von Neumann entropy

of density matrix px = Try It > suit and AB = AUB etc
.

.

All regions A , AB etc
. are much larger than the correlation

length associated with local operators .This
combination of  entropic is

6 topological '
i.e .  it is

robust to perturbations of the Hamiltonian C assuming

gap doesn't close ) or small changes in the geometry

of  regions A. B. C

.
e.g .  consider deforming region A

a bit
p → p

.

The change in

Stono is Dstopo  = A-Sa - DSAB - DS cat AS ABE

= A [ Sp - Sea ] - D [ SAB - SABO 'T

SA - Sea is unchanged since it corresponds to charge in

entropy associated with attaching C to A
,

and

boundary of C is for from the location  where A is



deformed .
⇒ A ISA - Sac ] to

. Similarly

D [ SAB - SABC ] TO ⇒ A Stop to
.

Similarly ,
consider deforming the geometry where three

regions meet '

p → D y
Now Dstopo = ASB TD Se - DS AB

- DS Be

- D

SCA
t DS ABC

= B&B - SAB ] t BE SABC - SBC ]

+ A IS ABD - S
BDD

where we have used S ×
= SI for  a pure

state ⇒ Sc = S ABD and Scot = SBD .

By the same argument as above
,

Bstopo  
= O

,

since all three terms correspond to attaching

region A to some region and region A B for from

the location  of geometry change .

-



If S× for array spatialregion X takes the form

S x = 12×1 - a
, we

exbect Y to he a

universal number independent of the shake of  region

X . as long as X is finite in extent . If so
,

Stop = 12 Al - R t 12 BI - re t 12C I - y

- 12@B)It re - 12CBIte - 126MHz

1-12 CAB I - re

= I JAI t 12 BI t 12cL - [ 12A It 12 BI

-212
@NBD ]

- [ I 2B I +12cL -212CBAC ) ID - [ Del +12Al -21.21A nest

+ DAI t ISBI t 12cL - 2126dB ) I - 212 CB not

- 2124nA31 - ne

Everything cancels out  except - ne .

⇒ /Stopo=#✓
-

To calculate Stop .
we consider two copies to the

system and glue them at spatial infinity . they

obtaining a sphere :

E.→
copy I



Next  we attach wormholes that join the two  copies

at the intersection of any three regions .

There are

four  such intersections :

OB④p
.

The resulting

YOa08topology is a sphere with four handles .
.

Li
,

Lz devote the mouth of

- the wormhole  in two  copies

am . . .

Ss
Sz

Now ,

=
2 Stop = 453 -

33§#- a ya
( Sats Btsc

wheres.IT:Is .  ÷"g? .es ,
= entropy of a region with three punctures

S AB = SBC = Sees = Sq
= entropy of  a region with four punctures

.

The mouth of each wormhole carries trivial

( ie . identity ) argon change . e.g ,

'

÷. :÷'s: a

Angove charge . .
This allows

one to calculate the probability
athat the loop complimentary ✓



to it
,

i - e
.  ,

a loop that has non - zero winding with

the above loop carries charge of a specific anyone

Say , a .
We denote this complimentary loop

for the wormhole associated with 12
, .dz ) the green

loop above .

prop ability of argon
6

a
' charge at puncture

Cd
, gas ) = I S see 12 where S is the

S - matrix .

This B because Sab is the

Wdmplitude for braiding world - lines of . argon

types a and b
.

Here b= I
. Using

Ssa = Fe where D= t.IT ,

Pa = got .
Heuristically ,

we are calculating

the unconditional prop ability of finding an

↳
a

' at the puncture .
Thisargon of type

aw
= ① = da

.

has the amplitude
a¥

from our earlier discussion  of anyone algebra .



To calculate S3 ,
we need to calculate the

probability of anyone charger a
,

b- c at the

three punctures .
These anyone must  fuse

to identity , again because the loop that winds

around the throat of wormhole must detect

I
. Demoting this probability as Paba ,

Pabc = Papb Pub → e-
where

Pabst is the prob .
that a

, b fuse to I

( = prob . that a. b , c fuse to I ) -

To

Calculate pane ,
we note

,

E. Pa Pb Pabst = Pc
ab

where p×
are the unconditional prob . of finding

x . Using Pa =

,dg÷ and dadb =EMabdo
,

One can cheek that the

above
earn is satisfied if

we chose , pas → I
 

= N lab do
-

-

dad b

Cheek : I daidb Naab do = Edtdb2
↳

D#dadb big
=

,} =P .



⇒ Paba = Pap b Pals → I

e-
=

dajzdpbzwcabdcdadb-dadbdc-Na.be

D 4

Thus
.

Ss =  - I Paba dog Paba

abc

=
- E dadgqcmabc-ilogfdadb.de]

abe

= - E dadb doNabcfdogcdadbde
)abcDT - a dog D

' ]

= 4 dog D
E dah dis
ab

pi

- 32 da db do Nabc dog C da )
#

abc
D 4

= 4 dog D - 3 Edoidbdogcda)
ab

D 4

= 4 dog D - 3 E padogcda )

where Paz dad
D2

.



Similarly 54 = blog D - 4 Epadog da
a

The terms proportional to Eapaclogda are analog
of the area law terms in S - L - R and

Cancel out :

2 Stop  o
=

4 Sz - 354

= 4 I 4 dog D - 3 I Palogdee ]

- 3 [ blog D - 4 Ea paeogda ]

=  - 2 dog D

⇒ Stop o =  - dog D

I⇒ Ie=oog#
Examples : toric code D= J 2tiTI e m em

= 2

he = log L2 ) .

Ising argon
' 

- D= T12+12 t CJ 32

I y r

= JI = 2

Fibonacci D= JEE = Ftz Q= HII .


